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↪→ Casimir Energy: EC ≡
∫ ∞

0
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∫ ∞
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where NC(E) =
∫ E

0

dE′ δρC(E′) (geom-dep. part of the integrated d.o.s)
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• Here : space not “filled” with fluctuating EM modes, but with a gas
of non-interacting (non-relativistic) fermions.

• Similarity : Existence of mode sums
∑∫

~ωk with constant degeneracy factor

(because of Pauli’s exclusion principle).

• Difference : Existence of a 2nd scale: Fermi energy = chem. potential (at T ≈ 0)

(in addition to the geometrical scales).
Physics dominated by UV scale
in contrast to long-wave behavior of usual Casimir effect.

• Concrete : Matter fields (fermions) in the space between voids
↪→ the voids obstruct the free motion of the fermions,
↪→ quantum pressure of the fermions on the voids depends on geometry.

∴ effective Casimir-type interaction between empty regions of space
in the background of non-interacting fermionic fields
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• However, the neglected “shell energy”
of the outer neutrons is of the same
order (keV/fm3) !
(A. Bulgac & P. Magierski, Nucl. Phys. A 683 (’01).)

Inside a neutron/quark star:

• Quark dropplets immersed in hadronic matter at ρ � ρnm

In the lab:

• Buckyballs immersed in an electron gas (in liquid mercury)

• or buckyballs in liquid 3He.

• Bose-Einstein droplets in diluted atomic Fermi-condensates.

· ◦ C < ∧ O > B • Royaumont Nov. 29, 2008 Fermionic Casimir Effect within the Scattering Approach Andreas Wirzba



5

1. “infinite” container:

· ◦ C < ∧ O > B • Royaumont Nov. 29, 2008 Fermionic Casimir Effect within the Scattering Approach Andreas Wirzba



5

1. “infinite” container: ρ(E)=ρ0(E) (background field)

· ◦ C < ∧ O > B • Royaumont Nov. 29, 2008 Fermionic Casimir Effect within the Scattering Approach Andreas Wirzba



5

1. “infinite” container: ρ(E)=ρ0(E) (background field)

2. n bubbles (of radii ai) “punched out” at “infinite” separation:
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i=1

ρW (E, ai)| {z }
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δρ(E) = ρ̄(E)− ρ̄0(E) =
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d
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5. Multiple scattering matrix
z }| {
det Sn(E)=

Q
idet S1(E, ai)

det M†(k∗)
det M(k)

see A.W., Phys. Rep. 309 (1999)
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All determinants exist (although the relevant scattering matrices are infinite dimensional)
since the associated T -matrices are trace-class.

· ◦ C < ∧ O > B • Royaumont Nov. 29, 2008 Fermionic Casimir Effect within the Scattering Approach Andreas Wirzba



5

1. “infinite” container: ρ(E)=ρ0(E) (background field)

2. n bubbles (of radii ai) “punched out” at “infinite” separation:

ρ(E) = ρ0(E)+

nX
i=1

ρW (E, ai)| {z }
Weyl-Term

(note the excluded volume !)

3. geometry-dependent arrangement of n bubbles:

ρ(E) = ρ0(E) +

nX
i=1

ρW (E, ai) + δρC(E, {ai}, {rij})

4. Krein trace formula (note the averaging):

δρ(E) = ρ̄(E)− ρ̄0(E) =
1

2πi

d

dE

2iηn(E)z }| {
ln det Sn(E)

5. Multiple scattering matrix
z }| {
det Sn(E)=

Q
idet S1(E, ai)

det M†(k∗)
det M(k)

↪→ δρ̄C(E, {ai}, {rij}) = − 1

π
Im

„
d

dE
ln det M

`
k(E)

´«
see A.W., Phys. Rep. 309 (1999)

6. Fermionic Casimir energy:
∴ EC =

Z µ

0

dE (E − µ) δρ̄C = −
Z µ

0

dENC

· ◦ C < ∧ O > B • Royaumont Nov. 29, 2008 Fermionic Casimir Effect within the Scattering Approach Andreas Wirzba



5

1. “infinite” container: ρ(E)=ρ0(E) (background field)

2. n bubbles (of radii ai) “punched out” at “infinite” separation:

ρ(E) = ρ0(E)+

nX
i=1

ρW (E, ai)| {z }
Weyl-Term

(note the excluded volume !)

3. geometry-dependent arrangement of n bubbles:

ρ(E) = ρ0(E) +

nX
i=1

ρW (E, ai) + δρC(E, {ai}, {rij})

4. Krein trace formula (note the averaging):

δρ(E) = ρ̄(E)− ρ̄0(E) =
1

2πi

d

dE

2iηn(E)z }| {
ln det Sn(E)

5. Multiple scattering matrix
z }| {
det Sn(E)=

Q
idet S1(E, ai)

det M†(k∗)
det M(k)

↪→ δρ̄C(E, {ai}, {rij}) = − 1

π
Im

„
d

dE
ln det M

`
k(E)

´«
see A.W., Phys. Rep. 309 (1999)

7. Scalar Casimir energy:

∴ EC =

Z ∞

0

dE 1
2
E δρ̄C = − 1

2

Z ∞

0

dENC =
1

2π

Z ∞

0

dE Im ln det M
`
k(E)

´
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EC =
∫ ∞

0

dE 1
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~c

2π

∫ ∞

0

dk4 ln det M(ik4) for relativistic disp. E = ~ck and after Wick-rotation

Note that det M(ik4)
† = det M(ik4) since det M(k) = det M

`
(−k∗)

´†; therefore corollary:

~c

2π

Z ∞

0

dk k2n+1Im ln det M(k) = i(−1)n ~c

4π

Z ∞

0

dk4 k2n+1
4

h
ln det M(ik4)− ln det M(ik4)

†
i

= 0

e.g. Casimir energy over modes with non-relativistic dispersion E = ~2k2/2m integrates to
zero, unless there is a finite upper cutoff, as e.g. the Fermi momentum kF in the case of the
so-called fermionic Casimir effect

– see A. Bulgac & AW., Phys. Rev. Lett. 87 (2001).
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7Multi-scattering matrix for n spheres of radii aj and distances rjj′ (j, j′=1, 2, . . . n)

Mjj′

lm,l′m′ = δjj′δll′δmm′ + (1− δjj′ ) i2m+l′−l
p

4π(2l+1)(2l′+1)

„
aj

aj′

«2 jl(kaj)

h
(1)
l′ (kaj′ )

×
∞X

l̃=0

l′X
m̃=−l′

q
2l̃+1 il̃

„
l̃ l′ l

0 0 0

«„
l̃ l′ l

m−m̃ m̃ −m

«
Dl′

m′,m̃(j, j′) h
(1)

l̃
(krjj′ ) Y m−m̃

l̃

`
r̂
(j)
jj′

´
M. Henseler, A. Wirzba & T. Guhr, Ann. Phys. 258 (1997) 286.
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In the limit of small scatterers: M jj′(E) ≈ δjj′ −
`
1− δjj′

´
fj(E)| {z }
s-wave

exp(ikrjj′ )

rjj′
(+ p-wave)

Two spheres of radius a at distance r

A. Bulgac & A.W., Phys. Rev. Lett. 87 (2001) 120404
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in the small-scatterer limit: A. Bulgac & A.W., Phys. Rev. Lett. 87 (2001) 120404
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N oo
C (E) = − 1

π
Im ln det Moo(E) ≈ νdeg

a2

πr2
sin[2(r − a)k] +O

`
(ka)3

´
,

· ◦ C < ∧ O > B • Royaumont Nov. 29, 2008 Fermionic Casimir Effect within the Scattering Approach Andreas Wirzba



7Multi-scattering matrix for n spheres of radii aj and distances rjj′ (j, j′=1, 2, . . . n)

Mjj′

lm,l′m′ = δjj′δll′δmm′ + (1− δjj′ ) i2m+l′−l
p

4π(2l+1)(2l′+1)

„
aj

aj′

«2 jl(kaj)

h
(1)
l′ (kaj′ )

×
∞X

l̃=0

l′X
m̃=−l′

q
2l̃+1 il̃

„
l̃ l′ l

0 0 0

«„
l̃ l′ l

m−m̃ m̃ −m

«
Dl′

m′,m̃(j, j′) h
(1)

l̃
(krjj′ ) Y m−m̃

l̃

`
r̂
(j)
jj′

´
M. Henseler, A. Wirzba & T. Guhr, Ann. Phys. 258 (1997) 286.

In the limit of small scatterers: M jj′(E) ≈ δjj′ −
`
1− δjj′

´
fj(E)| {z }
s-wave

exp(ikrjj′ )

rjj′
(+ p-wave)

Two spheres of radius a at distance r
aa

r

aa

r

aa

r

aa

r

aa

r

in the small-scatterer limit: A. Bulgac & A.W., Phys. Rev. Lett. 87 (2001) 120404

N oo
C (E) = − 1

π
Im ln det Moo(E) ≈ νdeg

a2
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´
,

whereas the semiclassical result (for the single two-bounce periodic orbit with no repetions) reads:

N oo
C,scl(E) = νdeg

a2

4πr(r − 2a)
sin[2(r − 2a)k| {z }

Spo(k)/~

] (Gutzwiller’s trace formula)
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